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Abstract. This article focuses on analysing an SEISEIR-SEI model. This model is a
development of SEIR-SEI which studies the spread of dengue fever in human and mosquito. This
model considers the exposed compartment for vaccinated, non-vaccinated human and also for
mosquito. Fogging strategy is also carried out as an effort to inhibit mosquito breeding. Existence
and stability of non-endemic and endemic equilibrium points are investigated and analysed using
linearization and eigenvalue methods. From the analyses we found a threshold value for stability
of non-endemic equilibrium point. Increasing the rate of mosquito bites can reduce the threshold
value and even change non-endemic condition becomes endemic. Vaccination strategy does not
change the non-endemic condition, it only speeds up the convergence to the non-endemic
condition. Fogging strategy only affects position of the endemic and non-endemic equilibrium
points. Reducing the rate of mosquito bites can prevent endemic condition. Several numerical
simulations were carried out to confirm the analytical results obtained. From simulations we
know that reducing the value of threshold may switch stability of non-endemic equilibrium point
from unstable to asymptotically stable.

1. Introduction

Dengue fever is one of the most infectious diseases and become a serious health problem. This disease
is caused by the dengue virus which is transmitted by the bites of Aedes Aegypti mosquito [1]. Dengue
fever virus (DFV) can be transmitted via transsexual from male mosquitoes to female mosquitoes and
also can be transmitted via transovarial from parent mosquitoes to offspring mosquitos [2].

An SEIR epidemic model has been used to investigate and analyse the spread of endemic diseases.
In general, the standard model such as SIR and SEIR model for spread of diseases has been developed
according to the special conditions and needs. The standard models were developed by adding
immunized compartment, migration, and the like [3, 4, 5]. Some strategies on the spread model of
endemic diseases virus have been imposed in order to reduce and eliminate the diseases, for examples
vaccination, treatments, inject drugs, and control the cost as a consequences of implementing the
strategies [6, 7, 8].

In Agusto et al. [9], an SEIR deterministic model for spread of dengue virus was considered and used
vaccination and insecticide as control variables to control optimally as a strategy to limit the spread of
the diseases. Vaccination and insecticide decreased the rate of infection but increased the cost as
consequences of using insecticide. An SIR standard model in [10] was used to analyse the effect of
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vaccination as an effort to reduce the rate of spread of the dengue virus. The multi model approach was
used to analyse the impact of active finding case in spread of dengue fever. Sensitivity analysis of basic
reproduction number was applied to investigate the etfect of controlled parameter.

The studies of DFV in [10, 11] were developed by considering an exposed compartment for
vaccinated and non-vaccinated humans. The exposed compartment was considered to make the model
become more realistic. Vaccination and fogging were also imposed into the model as a strategy to reduce
the transmission of dengue fever virus. The resulted model, an SEISEIR-SEI model, was analyzed by
showing the existence and stability of non-endemic and endemic equilibrium points. We analyze the
stability of non-endemic equilibrium point by following the linearization and eigenvalues methods and
also determine a threshold value for non-endemic situation. We need to see the effects of vaccination
and insecticide to the stability of the equilibrium points. Numerical simulations are needed to confirm
the effect of threshold values.

2. The SEISEIR-SEI model for DFV with vaccination and insecticide

In the dynamics of the spread of infectious diseases, humans are generally divided into four
compartments. The population is classified into suspected (5), exposed (E), infected (), and recovered
(R). The SEIR model is usually used to explain the dynamics of disease that has an incubation period.
The SIER model is the development of SIS and SIR models. Some of the spreads of diseases were
modelled in the form of SIER, for examples model of influenza virus transmission [12], model of rabies
virus transmission [13, 14], model of HIV virus transmission [15, 16], and the like model for the spread
of other diseases.

In particular [ 10] studied the SIR model of the spread of dengue fever using vaccines and insecticide
as the strategies to reduce the spread of disease. Further, the model that related to dengue fever was
developed and became an SEIR-SEI model by incorporating mosquito population dynamics as a vector
in the model [17]. The SEIR-SEI model is then developed again by dividing the human population into
groups with and without vaccination. We also impose an insecticide into the model as a strategy to
reduce the number of mosquitos. The compartments now in the model are rewritten for human without
vaccination as suspected (Su), exposed (Ey), infected (/y), and recovered (Ry); for human with
vaccination as suspected (Suy), exposed (Eny), infected (/yy), and recovered (Ry); for mosquito as
suspected (Sy), exposed (Ev), and infected (/v). The flow of transmission of dengue fever virus with
vaccination and fogging (insecticide) on the mosquito as a vector is given in figure 1.

QA —plbyNy BuSyly YeEy Tl duRu
Sut Ey Ta Ry
l, dySy J, dyEy l dyly
pbyNy (1 —a)BySuvlv YeEny iy
Suv Eyv | Inv
L dySuy l dy By J, dylyyy
E,
A i BuSuUu+ Iyv) E, ikl o
(dy + dg)Sy (dy +dp)Ey  (dy +dg)Ey

Figure 1. The flow of transmission of dengue fever in the compartments

Parameters used in this model are dy and d;, which state the mortality rates for human and mosquito.
Variables Ny and Nj; are the total human and mosquito populations in time 7. Paramaters £ and Sy,
denote the rate of transmission of the dengue fever virus from mosquito to human and from human to
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mosquito. Parameter by, is the rate of birth for the human. The constant A is the rate of recruitment of
mosquito. Parameters ¥, and ¢ denote the rate from exposed to infected for human and mosquito.
Parameter r is the rate of infected to recovered compartment. Parameter dp is the rate of death for
mosquito which is caused by spraying insecticide. Parameter « is the effectiveness of vaccines and p is
the fraction of vaccinated newborn. When the vaccination coefficient of a = 1, then there will be no
mosquitoes infected and transmit virus to the human so that there will be no transmission of dengue
fever anymore.

The dynamics of each compartments in human and in mosquitos are stated as a system of autonomous
differential equations which contains ten compartments, three compartments for non-vaccinated, three
compartments for vaccinated, one compartment for recovered from the disease, and three compartments
for mosquito. The dynamics of the compartments is given as

dsH =1 =p)byNy — fuSuly — dySu

ds” = PuSuly — VeEn — dnEy

d!" = YeEy —7ly —dyly

dsw =pbyNy — (L — a)BuSuvly — duSnv

dEHV = (1 - a)BuSnuvly — YeEnv — duEny (1)
s

HV =YeEpy — rlgy — dylyy

dgf =r(y+1Igy) — duyRy
ds
—v =A - BySy(y + Igy) — (dy + dp)Sy
aa
o = PvSvUn + Iyy) — @eEy — (dy + dp)Ey
di

i
— = @ Ey — (dy + dp)ly

Total number of human population and mosquito population at time ¢ are given as Ny (t) = Sy(t) +
Ey(t) + I4(t) + Spy () + Eyy () + Ly (£) + Ry (2) and Ny (£) = Sy(t) + Ey(£) + I,(t). In model
(1), the total human and mosquito population may be assumed to be constant in time or not constant. It
merely depends on the values of parameter, particularly in determining the rates of birth and death of
human. After doing normalization and scaling, model (1) is rewritten as

ds
—H = (1-p)by — BuSuly — duSu

% = BuSuly — VeEn — dyEy

m—H =YeEy —rly —dyly

df;:v =pby — (1 — &)BuSuvly — duSuv

dgw = (1 — a)BuSuvly — VeEnv — dyEny (2)
mw =YeEny —rlgy — dylyy

d

R
ar =10y + 1) —dyRy

% =A—(dy +dp)Ny
dE

—~ = By (Ny — Ey = I)) Uy + Iyy) — @eEy — (dy + dp)Ey
il

—L = @By — (dy +dp)ly

In model (2), compartment S, as a variable is eliminated and replaced with variable Nj,. The value of
equilibrium for compartment Sy, is found from the relation Ny () = Sy, (t) + Ey (£) + I, (t). It is easy to
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check that when we assume the mosquito population Ny, (t) is constant in time then it will not change
forever.

Since the model (2) is non-linear system, we just investigate and analyse the local behaviour of
equilibrium points of the model. The linearization and eigenvalues methods will be followed to see the
local stabilities. From model (2) we get the Jacobian matrix

—Clqq 0 —dq3 0 0 0 0 0 0 0 1
azq —a3z [P %] 0 0 0 0 0 0 0
0 azs —d33 0 0 0 0 0 0 0
0 0 —Q43 —Uqq 0 0 0 0 0 0
0 0 asz sz —lsgg 0 0 0 0 0
J=lo o 0 ags -ag O 0 0 0 3)
0 0 A7z 0 0 Az —az; 0 0 0
0 0 0 0 0 0 0 —Qgg 0 0
0 0 Qo3 0 0 Aog 0 Qgg —Oog —dgp
0 0 0 0 0 0 0 0 10 —dqp10d

where ayy = Iyfy +dy, a3 = ay3 = BySy, 31 = Puly, Gz =VePu. 033 = g =7 +dy, az; =
(o5 = Ve, Q43 = a53 = (1 — &)PySyy, 44 = (1 —&)Puly +dy. ass = (1 —a)fyly, aGss=ve +
dy, a73 = az¢ =7, 77 =dy, Ggg = Qo10 = dy +dp, A9z =dgs = By(Ny — Ey —1Iy), agg =
a910 = Py(y + Iyv), ase = PyUy +1Iyy) + @ +dy +dp,and a;99 = @.

The non-endemic and endemic equilibrium points of model (2) are reached when the rate of all

compartments are set to be zero, these are
dSy _ o dEy _ o dly _ o dSyy _ o dEyy _ o digy _ o dRy _ o dNy o dBy o odly _
dt =0, dt _0'_a§r __0' dt =0, dt =0, dt =0, dt =0, dt =0, dt _O'_dt =0.
In order to get the equilibrium points, we set model (2) equals zero and solve the following system of
equations simultaneously.

(1 —p)by — BySuly —dySy =0

BuSuly —YeEy —dyEy =10

}’eEH - Tl"H - dhu"hl =0

pby — (1 — a)BuSpvly — dySyy =0

(1 — a)BuSuvly — VeEny—dyEyy =0 (4
YeEnv—"lpy — dylyy = 0

r(ly+1yy) —dyRy =0

A—(dy+dp)Ny, =0

By Uy + lyy)(Ny — Ey — Iy) — 9By — (dy +dp)Ey =0

@Ey — (dy +dp)ly =0.

3. Existence and stability of non-endemic and endemic equilibrium points

The non-endemic equilibrium point in model (2) appears when there are no spreading dengue fever in
the populations. This condition is satistied when Ey = 0, Eyy = 0, and Ey, = 0. When Ey = Eyy =
EV = O,it follows IH = "HV = "V = RH = O.Substituting EH = EHV = EV = fh' = IHV = "V = RH =
0 into equation (4), we get a non-endemic equilibrium point

(1-p)b, b A
To = Su Exy Iy Suvs Enys Inyys R, Ny, By, Iy) = (%,0,0,‘;—:,0, 0, 0,m,0, 0) . (5

Theorem 1. The non-endemic equilibrium point T;, of model (2) is locally asymptotically stable when
T) > 0 and unstable when Tj < 0, where Tj = —%(1 —p) + 1Yo + Yedy +rdy + dF.
H
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Proof. Since we just consider local stability of the equilibrium point, we linearize the model around the
equilibrium point T via Jacobian matrix method. From model (2) we have Jacobian matrix (3).
Evaluating the Jacobian matrix at the non-endemic equilibrium point T, we have

[—dy 0 —Sufiu
0 —ye—dy SuBu
Ye —(r +dy)
0 (a—DBuSyv -
(1= a)BuSuv
0
N
0
BNy
0

oo oo

1(To) = du = Ve

cooc oo oo

-
0

PvlNy
0

=9
=

dp 0
dy + @ —dp
@ dy

oocoocoon OoCO
oo | oo oo oo
| ococoocoocoococococo

S

|

-
coocopoococo oo

cooc o oo oo

0
0
0
0
0
0

coc oo

dpl

From the Jacobian matrix J(T,) we have characteristic equation f(A) = det(J(T;) —Al) = 0. From
which we have

fA) =@A+dp)*@Q+dp+dy)*A+ dp +dy + @) A+ 7+ dp) Ve + A+ dip) (<VeSuPu + Yed +

Vo +Yedy + 22 + 2r + 22dy + rdy + d3) .
It is easy to see that the eigenvalues Ay, Ay, A3, A4, A5, 46, A7, and Ag are all negative. While the two
remaining eigenvalues, A and A, are obtained from the quadratic equation f;(1) = A% 4+ A;4 + Ay =
0. where Ay = Y, + 7 + 2dy. Ag = —VeBuSy + Ve + Yedy + rdy + . and Sy = -2 The roots
H
by (1-p)
dy

of f1(A) have negative real parts when Ay > 0. After substituting the value of Sy = we have

Ag=Ty = —}% (1 —p) +1Y¥e + yedy +rdy + d%. Therefore, when Ty > 0, then the eigenvalues
H

Ag and Aqg have negative real part. This means that the equilibrium point T is locally asymptotically

stable. When T; < 0, then there exists at least one eigenvalue with positive real part. Thus, the theorem

is proven.

The value of Tj = —%(1 — ) + 1Y, + yody +rdy + di is a threshold for the eigenvalues
H

Ag and Ayp to have negative real part. The value of T; depends on the rate of mosquito bites (fy) and
the rate of vaccine on the babies (p). Now, we analyse the effect of f; and p to the value of 7). Then we
have
ar Yebp(1-p) dT; _ YeBubn
ﬁ:—d—h_(mmd a_;:T
In the case of equilibrium point Ty is asymptotically stable, then the value of Tj is positive. In this
condition, when the value of vaccine on the babies (p) is increased then the value of T} is also increased
and remains positive. But, when the value of the rate of mosquito bites () is increased then the value
of T; will decrease, it might be positive or might be negative. When the value of T} becomes negative,
then at least one the eigenvalues A and A, , will have negative real part. Therefore, increasing the value
of rate of mosquito bites may lead to the instability of the equilibrium point Tj. There is a switch
condition from non-endemic to endemic.
From model (2) we found the endemic equilibrium point, written as

Ty = (i Eip 1y, Saw, Eqw s i, Ry, Ny, Ev, 1),

>0.

Ay A Yefu—0p0ady ;4 _ @i¥efy—azazdy s 400308y
where §f; = 22 B = A= Siy =
H YeBu H azBuve H 03y i Q1Q5Ye fu—aaa3a5dy+azazfudy
EY, = asay(ay e Sy—azasdy) j— asty(ay YeSn—a203dy)Ve
HV — HV

L] - L]
az (@1 asyefu—azta0sdy+a; azfudy) 303(04 A5Ye iy —A2aza5dy +a2 03 fudn
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« _ TayyeBn—azaady)(aiasyefu—azazasdy+azazfudy+asasyelfu) v _ A « _C w _ _C
RH_ ,Nv——,EV——,dnde— .
apas fr(a1asYe fy—azazdsdy+azas Pydy)dy az b az; D

Besides that we write
- - - - - - - - 2
€ = ABy(ai2asy2Bi — 2a1a,a3a5YeBydy + a1a,05Y.Bidy + a1 asasyZ B + a2 azs?fudy” —
azasa-;as?’eﬁﬂdﬂ)a
D=(n a?“S}’ezﬁffﬁV + alza_r,}'fgoﬁf;ﬁv + al“zasasaﬁaﬂeﬁé — 2aya;a3a507YeBuByvdy —
200,305V, 9 ByBydy + 430,030,V BEBy dy + aya,a5Y,0BEBydy +
a1a4asa; Y2 i By + arasasyZ oBiPy — ar2as?asasas fudy + a2 astasazdfify +
az*as’agazBiidy — ax*az’ar dfiy Pu — a2’ as* @dfify Py — ayasa4a507Ye fufydy —
aa30405Yefufrdn),
where a, = (1 —p)bH,az =VYe + dH’ az; =71 + dH! ay = pr,as = (1 - a)ﬁH,aﬁ = dp + dV +
@,and a; = dp + dy.
Evaluating the Jacobian matrix (3) at the equilibrium point T; lead us to the characteristic equation

£() = det(J(T,) — AI) = 0, that i

1
FD = g s Bnrasasabudn) ((:1 +dp)a; + D(az + V(e + D(arazasy.pu +

1@ YA By + a103YeABy + a1¥eA* By — ax?az’dy + ayazA? + ay?az?A +
aya32%)(ay a5y Py + aza34 By + azazaBydy) (ayasa V2 ARy + as*asyZABA By +
as2asy2 eBiBy + a1a,a3a5a5a7Yeff + 010,03a5a6Y ABf + a1a; 030507V ABF —
ay0; 030505 ByPydy + a,0, 0305V, A°Bf; — 20,0,a3a505Y By By dy — Ve pBuBydy +
a1, a3a7Ye Bf Brdu + a1a203Ye0BF By dy + arasasa;vE BEBy + arasasyé BiBy +
a1asasyEABGBy + arasasyZoBhBy — aztas*asasa;fudy — ar* as*asagABudy —
@yl as*asa;ABydy + ay’ az’asa; By df; — ay*az’as A’y dy + ay’az? asAfydf; +
az2azaspPydf + ay az?agas Biidy + ay? az?agABfidy + a? as?ar ABfdy —
ay%az*a; BBy df + ay? ag? A2 Bfidy — ay*as?ABy by dfy — ay*as ey Bydf —

ApA30,07YePuPydy — aya305Y APy Bydy — 2a3a5Y.0Buby dﬂ)) .

From f(A) we know that eigenvalues Ay, A3, A3, A4, A5 are all negative. The eigenvalues A4, A7, Ag are
the roots of
f3(A) =23+ B,A2+ BjA+ By,
where B, = @Y Butas’a;ta,as’ B, = @y Qo VePrta asyePu ,and By = 10503 Y fr—a," ;" dy ]
azay Qpdy apay
While the eigenvalues Ag and A4 are the roots of

LA =2 +PA+P,,

R,

Ry’

Ry = ay%as”BF(asasyeBu + azazafydy),

Ry = (a1 ’asy2Bfy + a10,a3a5a6Y.Bf; + a1, a3a5a,Y. i — 20, axa3asy.fufydy +
a1a,a3 87 By dy + ara,a5V2 BBy — az? as*asagfudy — ay*az® asa,fydy +
az’as*asacfydy + a*as’az Bidy — ay*as® BuPydiy — aasasasyeBuPydy) Land

R, = ar?asa,v2 BBy + ai’asv2oBiBy + 01a,03a5a607YeBf — 2010503 0507YeBuBrdy —
2a1@,0305Ye@BuPBydy + a1a2a3a7Y. ALy dy + 10, a3a7Y. @ BA By dy +
a1 a4a5a7¥E By + arasasvioPfify — az’az’asasazfudy + az’az’asazfydf +
az’azaspPBydfy + ay’az* agaz fidy — ay* az*az By dh — ay*az* @y pydf —
az03040507Yefufvdy — aza3a4a5Ye®fyfydy -

where P; = % and Py =
0
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Following the Routh-Hurwitz stability criteria [ 18], the equilibrium point T; is locally asymptotically
stable when the criteria By, By,By > 0, B;B, — Bz By > 0 ,P;,Py > 0 are satistied.

4. Numerical simulations

4.1. The effect of mosquiio bites to the threshold Ty.

Suppose the values of parameter of model (2) are givenas by = 0.3, 8y, = 03,y. =09, r=03, a =
095,A=0.5, ¢ =09, dy =0.10,d, = 0.54, and dr = 0.25 in appropriate units. With these

parameters we have threshold function T; = _re 'G"b" (1 —p) +1¥e + Vedy +rdy + df is a function

of p and By, that is T; (p, By) = 0.6200 + (0. 9000 +0.9000 p)By. Graphof T;(p,By) = 0 is given
in figure 2.

0 01 02X 03 04 D‘- 06 07 08 09

Figure 2. Graph of threshold value of Ty(p,fy) = 0.

Figure 2 shows that when the pair value of (p, By), lies below the threshold then T;(p, fy) > 0.
While when the pair value of (p, B) lies above the threshold then Tj(p, f) < 0. When we put a fixed
value of p and the value of 3y is increased gradually, we may have condition which is initially the value
of Ty (p, By} > 0 and then the value of T}(p, By) < 0, see table 1. This means that there exists a switch

condition from non-endemic to endemic. Put a fixed value of p = 0.25 and the value of f; = 0.875,
0.90, and 0.93 for simulation.

Table 1. The effect of mosquito bites (8y) to the value of threshold T;

Parameter ~ Threshold Equilibrium point Ty and Equilibrium point T,
By T, eigenvalues Adg and A1 and stability
0.875 0.02937 Ay = —0.0183, A;5 = —1.6017, T stable T; does not exist
0.90 0.01250 Ay = —0.0078, 415 = —1.6122, T stable T; does not exist

0.93 —0.00775 Ag = 0.0047, 4,5 = —1.6248, T;; not stable T; exists and stable

4.2. Example of endemic condition
In this simulation we show the existence and stability of endemic equilibrium point. We suppose that
the values of parameter of model (2) are given as p = 0.25, by = 0.3, f; = 095,y = 0.3,y. = 0.9,
r=03,a=095A4=05, ¢ =09, dy =0.10,d, = 0.54, and dr = 0.25 in appropriate units. We
have the threshold value of 7j = —0.00775 and the non-endemic equilibrium point is written as
Ty = (0.7500,0,0,0.2500,0, 0,0, 0.6329,0,0)

with eigenvalues {—0.1000, —0.1000, —0.1000, —0.7900, —1.6900, —0.6200, —1.0000, —1.000,
0.0130, —0.7900}.
The endemic equilibrium point is written as

T, = (0.72515,0.02485,0.03608, 0.24957,0.00004, 0.00006,0.01908, 0.63291, 0.0004 1, 0.00047)
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with eigenvalues

{—0.100,-0.1690,-1.6209,—1.000,—0.0150, —0.6200, —0.08760, —0.7911, —0.1002, —0.7900} .
From the value of threshold T} and the eigenvalues associated with the non-endemic and endemic

equilibrium points, we know that the endemic condition exists since all of the eigenvalues associated

with the endemic equilibrium point are negative. But, when the value of mosquito bites is decreased

gradually, for example, Sy = 0.95,0.93, and 0.90, the endemic equilibrium point will not exist and the

non-endemic equilibrium point becomes stable, see table 2.

Table 2. The effect of mosquito bites () to the endemic equilibrium point.

Parameter ~ Threshold  Equilibrium point T} Equilibrium point T, and
By T, and stability eigenvalues Ag and A4q
0.95 —0.02125  T; exists and stable ~ Ag = 0.0130, A5 = —1.6330, T, not stable
093 —0.00775 T exists and stable A9 = 0.0047, ;5 = —1.6248, T, not stable
0.90 0.01250 T; does not exist Ay = —0.0078, A1y = —1.6122, T, stable

5. Results and discussions
The SEISEIR-SEI model (2) has non-endemic and endemic equilibrium points. The non-endemic
equilibrium point is locally asymptotically stable when the threshold value of T; > 0 and it is unstable
when Ty < 0. The threshold value measures whether the real part of all the eigenvalues associated with
the non-endemic equilibrium point are negative or not. When the value of 7; > 0 then all of the
eigenvalues have negative real parts. This means that the non-endemic equilibrium point is locally
asymptotically stable. The dengue fever does not spread to human population. We can say that the
threshold value of T; which is obtained from the Jacobian matrix evaluated at the non-endemic
equilibrium point seems similar to the basic reproduction number (Ry).

It is found from the analyses that the mosquito bites affect the endemic and non-endemic situations.
If the value of mosquito bites (8y) increases, it will affect the stability of non-endemic equilibrium
point. It may switch the non-endemic to endemic situation. Decreasing value of mosquito bites (8)
may also change the existence of endemic equilibrium point. When the endemic equilibrium point does
not exist, the non-endemic equilibrium becomes stable. Vaccination to the baby does not affect the
existence and stability of the equilibrium points. It just change the value of each compartments
equilibrium but stability of the equilibrium points do not change. Vaccination does not affect the non-
endemic and endemic situations.
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